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Abstract

We analyze the regularity and convergence of the solutions of linear parabolic
problems when some reaction and potential terms are concentrated in a neighbor-
hood of a portion I' of the boundary and this neighborhood shrinks to I' as a
parameter € goes to zero.

1 Introduction

Let Q be an open bounded smooth set in IRY with a C? boundary 92. Let I' C 99
be a smooth subset of the boundary, isolated from the rest of the boundary, that is,
dist(I', 022\ I') > 0. Define the strip of width ¢ and base I" as

we ={x —ori(z), zel, 0 €[0,¢)}

for sufficiently small ¢, say 0 < € < g, where 7i(x) denotes the outward normal vector to
I'. We note that for small ¢, the set w, is a neighborhood of I" in Q, that collapses to I'
when the parameter ¢ goes to zero.

It was recently proved in [5], in the context of elliptic problems, that boundary poten-
tials for Robin boundary conditions in I" can be efficiently approximated by concentrating
potentials in w,.
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Figure 1: The sets 2 and w,

Hence our goal in this paper is to extend such analysis to linear parabolic equations.
To be more precise, we are interested in the behavior, for small e, of the solutions of the
linear parabolic problem

uf —div(a(z)Vus) + c(x)u® = 12, Vo(x)u + f(z) + 21X, he(x) inQ

a(z)Ze + b(z)u® = 0 on T
Bus = 0 on 0Q\ T
u*(0) = wg in Q2

where a € C*(Q) with a(z) > a9 > 0 in Q, ¢ € C*(Q) and B denotes the boundary
operator in 092\ I'
.. ou .
Bu = u, Dirichlet case, or Bu = a(x)? + b(x)u, Robin case,
7

being 7 the outward normal vector-field to 9Q \ T and b(z) a C*(99) function and X,
denotes the characteristic function of the set w;.

Note that in this problem some terms are only effective on the region w. which collapses

tol'as e — 0.
We will show in this paper that the “limit problem” for the singularly perturbed

problem above is given by

u — div(a(z)Vu) + c(z)u = f(x) in Q
a(z) +b(x)u = Vo(z)u+ho(z) onT

Bu = 0 on 0Q\ I’
u(0) = wy in Q



where hg, Vi are obtained as the limits of the concentrating terms

1 1
- X, he — hyg, X, Ve — W,
€ €

in some sense that we now make precise. For this, we have the following definition.

Definition 1.1 Consider a family of functions J = {j.}. in Q.
i) The family J is denoted an “L"—concentrated bounded family” near ', if

1
- ‘j€| f;(j
€ Juwe

forl1 <r < oo, or
sup |je(z)| < C

TEWe
for the case r = 0o, and C' a positive constant independent of €.

ii) The family J is an “L"-concentrated convergent family” if it satisfies that for any
smooth function o in ), we have

.1 ‘ .
hm—/ ]e@z/rjo% (1.1)

e—0 ¢

where jo € L"™(I") (or a bounded Radon measure on I', jo € M(I') if r = 1). In such a
case we write 1

ngEjE — jo cc—L".
iii) The family J is said to be “L"—concentrated (sequentially) compact family” if for any
sequence in the family there exist a subsequence (that we still denote the same) and a
function jo € L"(I') (or a bounded Radon measure on I', jo € M(T") if r = 1) such that
for any smooth function ¢ in Q, we have [I1).

Therefore the results of Lemma 2.2 in [5] can be recast as

Lemma 1.2 With the notations above, an “L"—concentrated bounded family” is an “L"—
concentrated (sequentially) compact family”.

Hence, we will assume that

1 1
ngshE — hy, EX%VE —Voy, cc—L" for somer >N — 1. (1.2)

On the other hand, because of it interest in applicatons, we are also interested in deal-
ing with non smooth potentials in €2 and I', therefore we consider here the homogeneous
problems

uf — div(a(z)Vud) + c(z)u® = m(z)u® + 1A, Vo(z)u®  in Q

ou® e _ €
a(r)G= +b(r)us = mo(x)u onT (1.3)
Bus = 0 on I\ I
uf(0) = wg in Q
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and

—div(a(z)Vu) + c(z)u = m(z)u in
a(z) +b(z)u = (mo(z) + Vo(z))u onT (14)
Bu = 0 on 0Q\ T '
u(0) = wg in Q

with m € LP(Q), p > N/2 and mg € L"(I'), r > N — 1.

Therefore, our goal is to analyze regularity of solutions of (L3) and (CZ]) and to show
that solutions of the former converge to solutions of the latter, assumed that (L) holds.
More precisely, we are going to prove, among others, the following three main results.

Theorem 1.3 Assume that m lies in a bounded set in LP(Q2), with p > N/2, mq lies
in a bounded set in L"(I") and also that the family of potentials V. is a L"—concentrated
bounded family, for r > N — 1, that is

- V" <C, r>N-—-1.
Then, for any 1 < q < oo, the problem (IL3) defines a strongly continuous, order
preserving, analytic semigroup, Sp.me.<(t) in the space Hol(Q) for any

1 1
I(q) =(-1+—,1——).

Moreover the semigroup satisfies the smoothing estimates

M / 6
SOl ey < o2 el ey £ 0, w0 € HIHR)
() = Q)

for every v,y € I(q), with y" >, for some M, ., and p € IR independent of m, my and
0<e<eyand~,y € 1(q). In particular, one has

M Te
m,mo,e\U)UO|| L7 (Q) W Uo || Le (0 y  Uo
[[Sm,mo.e () uoll <tf [[uo| t>0 € L7(Q)

for1 < p <71 <oo with M,,; and p independent of m, mg and 0 < e < g.

Finally, for every ug € HL U(Q), with v € I(q), the function u(t; ug) = Spme.(t)to
is a weak solution of (L3) in the sense that

1
e+ | (@) VuTe + (o) = m@)u)e + [ () =mo(@)up = - [ Vi(a)ug
for all sufficiently smooth . ,
In particular, if ¢ > N — 1, then there exists ' € 1(q) such that H (Q) C CP(Q)
for some 3 >0 and the solutzons of (L3) become Cﬁ(ﬁ) smooth.



Note that in the statement above, H."%() stand for suitable subspaces of the Bessel
potential spaces, which are described in Section Bl Also, note that if Vy € L"(T"), for
r > N — 1, with the choice V., = 0 and my + V| replacing my, the result above allows to
define the semigroup Sy, mo+v, (t) such that for every ug € Hfg (), with v as above, the
function w(t;ug) := Smme+vi (t)uo is a weak solution of ([C]). With these notations we
have

Theorem 1.4 Assume

N
me —m in LP(Q), p> 5

mo. — mo in L'('), r>N—1,
1
-X, V.= Vo, cc—L" for somer >N —1
€

and for any 1 < q < oo, consider the semigroups S, mq...(t) and Sy mo+v,(t) as above.

Then for every
/ 1 1 /
1y el = (14 o1 = 5=) v =2,
2q 2q

and T > 0 there ezists C'(¢) — 0 as € — 0, such that

Q

(€)
||Sms,m0,s,€(t) - Sm,mo—I-Vo (t)||£(H§zvq(g)7ng'vq(Q)) = -’ fOT all 0<t<T.

In particular, if ¢ > N — 1, then there exists ' € I(q) such that HZ () c C#(1Q)
for some 3 > 0 and the solutions of (I3) converge to solutions of (I.A) uniformly in Q.

Finally, about the optimal exponential bound for the semigroups above we have the
following

Proposition 1.5 Assume

N
me —m in LP(Q), p> 5

moe. — mo in L'(I'), r>N—1,

1
-X, Ve =W, cc—L" for somer >N —1
€

and denote by \] the first eigenvalue of the following eigenvalue problem

—div(a(z)Ve®) + c(x)p® = me(x)¢ + 21X, Vo(x)p® + Ap®  in Q
a(:c)aainj +b(z)p® = mo(x)p° on T
Byt = 0 on 0N\ T

i) We have that
A — A0



which is the first eigenvalue of the limit eigenvalue problem

—div(a(x)Ve) +c(x)p = m(z)p+ Ap in €,
a(r)52 +b(x)e = (mo(z)+Vo(x))e onT,
By = 0 on OQ\T.

i) For sufficiently small e and for any —p < A, the semigroups Sp. mq..c(t) and Sy, mo+vo (1)
defined above satisfy

M,\//’»Yeut 2,}/7(1
||Sms,mo,s76(t)u0||H§;/,Q(Q) S WHUOHHZ?J’(Z(Q)’ t> O> Uy € Hbc (Q)

ut
Mywe

S luollgzia@), >0, uo € H(Q)

||Sm7m0+VO (t>u0 ||H§;YIV(I(Q) S

for every v,y € I(q) := (=1 + é, 1-— 2%1,), with v > v, for some M., ., independent of
0 < e <egy. In particular,

t
M, e*

[ Stz mo.e.c (Duoll @) < prgEey) uollze)y, >0, uo€ LP(Q)
p T
and
Mwe”t p
HSm,m0+V0(t)UO||LT(Q) < t%(l_l) HUOHL”(Q)7 t> 07 ug € L (Q)
p T

with M, ; independent of 0 < ¢ < gg.

These results are obtained in Corollary B2l Theorem B.20, Theorem EE4] and Proposi-
tion L1 which come our of some general perturbation results on analytic semigroups in
scales of Banach spaces, developed in Sections Bl and B} see Lemma B2, Theorem B3,
Proposition BTH, Theorem ET] and Corollary BE3. These general results may be applied
to many other perturbation problems.

Finally Section Bl contains some further remarks on similar parabolic problems and in
particular, on the nonhomogeneous problem.

Some results on the corresponding nonlinear problems have been announced in [7].

2 Functional setting and resolvent estimates for el-
liptic operators

In this section we analyze the linear homogeneous problems ([L3]) and (C4]) by means of
resolvent estimates for the associated elliptic operators.

For this, denote by Ay the operator Agu = —div(a(x)Vu) + ¢(z)u with boundary
conditions a(z)2 + b(z)u = 0 on I' and Bu = 0 on 92\ I'. Note the coefficients a, b, ¢
are C''-smooth. Also, note that all the analysis below applies in the case the diffusion
coefficient is a positive definite matrix instead of a scalar coefficient. We deal with the
latter case here only because the notations become simpler.
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Choosing L1(2), for 1 < ¢ < oo, as a base space, the unbounded linear operator
Ao : D(Ag) € L9Q) — L4(Q), with domain D(Ay) = H2%(Q), consisting of all functions
in H%9(Q) which satisfy all boundary conditions above, generates an analytic semigroup
in L(Q2), see [2]. Here and below H*?(2) denote the Bessel potentials spaces which, for
integer s, coincide with the usual Sobolev spaces.

Using the complex interpolation—extrapolation procedure, one can construct the scale
of Banach spaces associated to this operator, which will be denoted H *(Q) for o €
[—1, 1], which are closed subspaces of H?*4(2) incorporating some of the boundary con-
ditions. In particular, we have H)?(Q) = L4(Q), and

Hl’q(Q) _ {u e WH(Q): w=0in 9Q\ T} for B Dirichlet
be wha(Q) for B Robin.

Recall that Bessel spaces have the sharp embeddings

L(Q), s=2>-2 1<r<oo, ifs—2<0
H*(Q) c{ L"(Q), 1<r < oo, if s — % =0
C"(Q) if s =% >1>0

with continuous embeddings, see [I]. This embeddings are known to be optimal.
Also, if T denotes the trace operator, then for s > %, T is well defined on H*7(Q2) and

LT(F),S—%Z—N;1,1§T<OO, ifs—%<0
H(Q) 5 L), 1<7< oo, if s — & =
cn(r) ifs—%>n>0

see [1J.

Note that the scale with negative exponents satisfies H,**4(Q) = (H2*7 ()Y, for
0 < o < 1. Moreover, we have H™2%9(Q) = (H?**9(Q)) and H2*(Q) — H,**(1Q).
See [2] for details. Using this it is easy to obtain that for s > 0 we have

L(§2), —S—%S—%, 1<r <oo, ifs—§<0
H™4(Q) D ¢ L7(©), 1 <7< oo, if s — & =

q

M(Q) if s — % > 0.

Then, the operator — Ay or, more precisely, a suitable realization of it, generates an
20,9

analytic semigroup, Sy(t), in each space of the scale H,."?(Q2), o € [—1, 1]. This semigroup
is order preserving and satisfies the smoothing estimates

Ma,ge”t 2
||SO(t)U0||H§;1,Q(Q) < P HuOHHz?cﬁ’q(Q)’ t > 0, Ug € Hbcﬁﬂ(Q) (2.1)

for 1 > a > [ > —1 and some u € IR. In particular, one has

M, et
HSO(t)UOHLT(Q) S 7t%(7lp_l) HUOHLP(Q)’ t > O, U() E LP(Q) (22)
p T
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for 1 < p <71 < oo. For any ug in H;79(Q) or LP(Q), the function u(t;ue) := So(t)uo,
t > 0, is a classical solution of (L3J)) for V. = m = my = 0. The reader is referred to [Z]
and references therein, for further properties of this scale of spaces and semigroups.

Note that this construction applies to much more general elliptic operators than above.
Also, in the construction above the regularity of the coefficients, plays a fundamental role;
see [2].

Therefore we consider now nonsmooth perturbations of the operator Ayg. More pre-
cisely we consider a nonsmooth potential m(z) in £, a nonsmooth perturbation, mg(x) of
the boundary coefficient b(x) in I" as well as a family of concentrated perturbations in I'

1
gst‘/g(fﬁ)
In order to treat all perturbations in a unified form, we define for 0 < € < &,

1
< Pau> p>= g VVE“@? (23)

We

< Qou, p >= / mugp, < Rou, p >= / MUY (2.4)
Q r

for suitable v and . Then we have

Lemma 2.1 Assume that m lies in a bounded set in LP(S)), mq lies in a bounded set in
L™(T") and also that the family of potentials V. is a L"—concentrated bounded family, that
18

1
- [ V"<
€ Jwe

Then
i) for s,0 >0 and
N
s+o>— (2.5)
p
we have

Qo € LIH>(2), H™71(Q2)).

and is a bounded family in that space.
ii) for s >1/q, 0 > 1/q¢" and
N -1

r

s+o>1+

(2.6)

satisfy
P.,Ry € L(H™(Q), H 7))

and are bounded families in that space.

Proof. i) Note that for every u € H*9(Q) and ¢ € H* (Q) we have

|/Qmu@| = (/Q|m|p)%(/ﬂ|ulp)%(/g|¢|f)%

8



where % + % + % = 1. Using the sharp embedding of the Bessel spaces, we have

| [ mug| < Clul
Q

Hs4(Q) ||90||Hw’(9)

provided p, 7 are such that s — % > —

because of (2H).

ii) Now note that for every u € H*4(Q) and ¢ € H* () we have
1 1 11 11 1
| Vouyp| < _/ V") (= MY (= )
2 [ Veuel < C [ VDHE [l [ o)

We We

%, and o — g > —%. These conditions can be met

where = + - + £ = 1. Using Lemma 2.1 in [5] we have

1
< [ Veugl < Clulsraio |9l ey

provided m, n are such that s — % > —%, with s > %, and o — % > —%, with o > i.

These conditions can be met because of (Zf). The case of Ry is entirely similar, using
integralson I'. =

Then, we have the following result, which is, in particular, an improvement of Theorem
3.11in [A.

Theorem 2.2 Assume that m lies in a bounded set in LP(S), with p > N/2, my lies
in a bounded set in L"(I") and also that the family of potentials V. is a L"—concentrated
bounded family, for r > N — 1, that is

1
g |‘/€‘T§C, r>N—1.

Then, for any 1 < q < oo, there exists some wy > 0 independent of m, mqy and &, such
that for any Re(\) > wgy and any o € (i, 2—%) the elliptic operator Ag+ A —(P.4+Qo+ Ry),

between HZ 7U(Q) and H,,7(Q), is invertible and
C

-1
||(A0 + Al — (Pe + Qo+ RO)) ||L(HI;""Z(Q),HZ;""Z(Q)) < | ‘ )

RN >wo  (2.7)

and
(Ao + AT = (P + Qo + Ro)) Il cgr-oaay oy < Co - Re(N) = wo (2.8)
where C' s independent of m, mg, € and .

Proof. Note that using Lemma 1], since p > N and r > N — 1 we can take s+0 < 2 in
(&3) and (Z4) and then P., Qo, Ry are well defined from H*9(Q2) into H~7%(2) provided
s>1/q, 0 > 1/q and

N -1

N
2>s+o0>max{—, 1+ ——} =K.
p T

9



In particular, for any o € (i, 2 — %) there exists & < o such that
S.:=P.+ Qo+ Ry: H* Q) — H(Q) C H Q) (2.9)

is continuous and uniformly bounded in norm, for m and mg in bounded sets and 0 <
€ < ggp.
Then for given g € H,,”(2) the equation Agu + Au — S.u = g can be written as

u=T:(u) = (Ag+ M) g+ (Ag+ M) ' S.u.

Observe now that from the resolvent estimates in [3], Chapter I, Section 1.2, we have that
for each 0 < a < 1, for some w > 0 and C' > 1,

Re(\) > w

C
(Ao + A)~ 1“5 H9(Q) H (@) S By

and
(Ao + X) 7 pggronay pz-enay < €0 Re(A) = w.

Interpolating these inequalities we get, for any a > «

B C
(Ao + )™M c-e.a(@).mre-sa(@) < \[G-a)2

Therefore, from this and (Z9) we get that the Lipschitz constant of T5 : Hp 7%(Q) —
Hy,, 7*(€2) is bounded by r%7.

Therefore there exists wy > w such that 75 is a contraction, with Lipschitz constant
0 < 1 uniform for all Re(\) > wy and m, my as in the statement and 0 < & < gg. This
implies that the unique fixed point of 75 satisfies

C
HUHHEC""‘I(Q) > —H(Ao +A)” g||H§;”"I(Q) < mHgHHZ;“’q(QV (2.10)
which proves (). This, in turn, implies
-1 -1 c
ol < AR 0 A A Setl gy < 1 ol HISetllr

and, using again (Z) and ZI0), we get
||u||Hl;U’q(Q) S WHQHHI;U;CI(Q)
which proves (7). =

Remark 2.3 Note that if we only consider interior potentials, that is if mg = 0 and
V. = 0, then the range of o in Theorem [Z3 changes to o € (0,2), since we do not have
the restriction (Z4).

10
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We have then the following corollaries

Corollary 2.4
i) Assume

m. —m in LP(Q), p>g,
mo. — mo in L'('), r>N—1,
EX%V; — Vo, cc—L"  for somer >N — 1.
Assume moreover that

1
-X,.he — hg cc— LT for some q > 1.
€

and
ge — go weakly in L*(Q),  j. — jo weakly in L'(T')
for some z> Nq/(N —14¢q) and t > q.

Then, there exists some wy > 0 independent of €, such that for Re(\) > wq there ezists
a unique solution, us, of

—div(a(z)Vue) + c(x)u® = me(z)u® + M + 12X, Vo(z)u® + LA, he + g in Q,
a(a:)% +b(z)uf = mo.(z)uf + J. onT,
Bu® = 0 on O\ T,
which converges
ut —u in H*(Q)

forany s <1+ % where u is the unique solution of the limiting problem

—div(a(z)Vu) + c(z)u = m(z)u+ Au+ go in Q,
a(z)gs +0(z)u = (mo(z) + Vo(a))u+ho+jo onT,
Bu = 0 on 0N\ T

In particular, if g > N —1, 2> N/2 and t > N — 1, then
ut —u in CP(Q),

for some 3 > 0.

ii) If m € LP(Q), with p > % and mg € L"(T) with r > N — 1 then for any 1 < q¢ < o0,
the operator Ay — (Qo + Ro) in Theorem [Z4 is resolvent positive. That is, there exists
some wy > 0, such that for any A > wy and o € (%, 2 — %),

if 0<geH. Q) then 0<(Ag+A —(Qo+ Ro)) ‘g€ HE™(Q).

The constant wy can be taken uniform for m lying in a bounded set in LP(Q)), withp > N/2
and myg lying in a bounded set in L"(T'), with r > N — 1.

11



Proof.
i) Note that since Vj € L"(I"), we define

< Pyu, p >= / Vougp (2.11)
r
for suitable w and ¢. Then it was proved in Lemma 2.5 in [5] that
P.— P, in L(H(Q),H 7Q))

for s,0 as in (0). The rest of the proof goes along the same lines as Corollary 3.2 in [5].
ii) Note that for C* coefficients, the property of resolvent positive follows from Theorem
8.7, page 48, in [2]. For nonsmooth coefficients take sequences of C! smooth functions in
2 and T respectively such that m. — m in LP({2) with p > %, and mg. — mg in L"(I),
with r > N — 1 and apply part i) with V. =0, h. =0, j. =0, 9. = g. ®

Remark 2.5
i) Note that part i) of Corollary[ZZ] can be stated as

(Ag+ M — (P.+ Qo+ Ro)) ™" — (Ao + M — (Py+ Qo + Ro)) ™

in L(Hy,"(Q), Hy, ().

ii) On the other hand the convergence of the resolvent above implies also that the spectrum
of the operators Ag — (P + Qo + Ry) and Ay — (Py + Qo + Ry) are close. See Corollary
4.2 and Remark 4.3 in [5] or [8] for a precise statement.

Corollary 2.6 Assume that m lies in a bounded set in LP(SY), with p > N/2, mq lies
in a bounded set in L™(I") and also that the family of potentials V. is a L"—concentrated
bounded family, for r > N — 1, that is

1
g |‘/€‘TSC, r>N—1.

Then, for any 1 < ¢ < oo, and for o € (%,2 — %), 0 < e < &g, the operator —(Ag —
(P. 4+ Qo + Ry)) in H;,”%(Q) with domain HZ 9(Q), generates an strongly continuous,
order preserving, analytic semigroup, Sy, m..(t). Moreover the semigroup satisfies the

smoothing estimates

Ma,ge”t 2
WHUQHHZ%B,(I(Q), t > 0, Ug € Hbcﬁ*l(ﬂ) (212)

HSm,mo,a(t)uOHcha’q(Q) =
for —2%, >0B>—-1+ i and 1 — 2%, > a > [ for some M, g and p € IR independent of
m,mg and 0 < € < eg. In particular, one has

t
M, e*

2 G=7)

[1Sm.mo & (E)uol | () < [wolleo), >0, up € L7(Q) (2.13)

12



for1 < p <71 <oo with M,, and p independent of m,my and 0 < ¢ < g.
Finally, for every ug € H?(Q), with 3 as above, the function u(t; uo) := Spme.e(t)tio
is, for t >0, a weak solution of (L3) in the sense that

[ we+ [ (@) TV + (ela) = mla)ao+ [ (ba) —mola)up = 2 [ Vi(w)ug
T (2.14)
for all sufficiently smooth .

Proof. Using the uniform resolvent estimates, (1) and (Z8) in Theorem 2 we use
Proposition 1.4.1, Chapter I, in [3] to obtain similar uniform estimates for A in a uniform
sector in the complex plane.

Then using that the semigroup can be obtained as an integral of the resolvent over a
suitable contour around that sector in the complex plane, see e.g. Theorem 1.3.4 in [6],
we obtain an analytic semigroup S, m, () that satisfies

Ma,aeut —0o,q
[Sm,moe (E) 0| ey < pr==: [woll goag)y £> 0, uo € Hy™(Q)

for 2 — o0 > a > —o and for some M, , and p independent of m, my and 0 < ¢ < ¢.

As o ranges in (i, 2 — %) and some easy reiteration of the estimates above, we get

E12).
Now, [I2) and the sharp Sobolev embeddings of H27%(Q) D L?(Q) (since 3 is nega-
tive) and H;*(Q) c L™(Q), with o > 0, give

N—-1_ —N N N -1
11— > ._93- > 9 177
q P q q
and
N-1_ — N N
1- > =2 >
q T q q
which gives ([ZI3) for p, 7 > 1 such that
_ N o Nao
N+2¢—-1 N+qg—-1
and N '
SN_qq_l ifg<N—-1
pPTH < o0, ifg=N-1
< o0 if g >N —1.

Using ¢ as a parameter, some reiteration of the argument above gives ([ZI3) for 1 < p <
7 < 00.

The order preserving property of the semigroups follows from the positivity of the
resolvent established in Corollary 2241

Finally, since the semigroup is analytic, for every uy € Hff (), with 8 as in (ZI2),
the function u(t;ug) := Sy me.(t)uo satisfies, for ¢t > 0, uy + (Ao — (P- + Qo + Rp))u =0
in H?9(Q). Then, @3), [Z4) and the characterization of the realization of Ay in that

spaces given in Section 8 in [2], gives (Z14)). m
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Remark 2.7 Note that if Vo € L"(T'), for r > N — 1, with the choice V. =0 and my+ Vj
replacing mg, Corollary[ZA allows to define the semigroup S me+vi (t) such that for every
uy € HZP(Q), with 3 as in the Corollary, the function u(t; ug) = Spmesvs (t)tio is, for
t >0, a weak solution of ({I4) in the sense that

/ut<p+/ z)VuVp + (c(z) — ugo—i—/ — mg(x u—/Vo r)up (2.15)

for all sufficiently smooth .

3 Perturbation of linear analytic semigroups in scales
of Banach spaces

Observe that in Corollary EZB the space of initial data, Ho>%(Q), has always negative
exponent since —2%1, > 3> -1+ é. Therefore, our goal in this section is to improve
Corollary by enlarging the range for which ([2I2) is satisfied to

1 1

elq) =(-1+—,1-——),

with constants independent of m,mg and 0 < € < &.

Instead of relying on resolvent estimates, as in the previous section (see Theorem 2.2))
we use a “parabolic” approach to deal with the perturbations. This approach will also be
useful to obtain the semigroup Sy, m,.:(t) as a perturbation of Sy(¢) and to analyze the
convergence as ¢ — (0. Also, this approach can be applied to many other perturbation
problems.

For this, note that (Z1I), that is

M, gett
1So(t) 0| graa iy € —Zo—|luo|| yosarey,  t>0, g € Hp(<) (3.1)
be ( ) t 6 be ( )

for 1 > a > (8 > —1, can be rewritten in an abstract language as follows. For this we will
consider below
X = H*(Q), acl:=[-1,1]. (3.2)

In view of (B]) and (B2), we consider a linear analytic semigroup S(t) defined on each
of the spaces of the family of Banach spaces (the “scale”) {X*},er where I is an interval
of real indexes. The norm of the space X* is denoted by || - ||a-

We also assume that for all o, 5 € I with o« > 3 we have

X*c x”? (3.3)

with continuous inclusion and the norm of the inclusion will be denoted |i||, 5. Note that
for the example above, (B2), we have ||i||, s < 1 for all «, 3.
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We also assume the semigroup acting on the scale satisfies, a, 3 € I with a > (3

MO(ﬂv Oé)
s

A

1SO e = I1SEleixnxe < forall 0<t<1 (3.4)

for some constant My(3, a) > 0.

Remark 3.1

i) Note that the semigroup So(t) of Section[d in the scale (T2) satisfies that for each 3,
the domain of the generator —Aq in XP is given by D(Ag) = X! and also the inclusion
(Z3) is dense and compact. These properties will not be used below.

ii) In view of (ZA) another possible scale for the semigroup Sy(t) is the scale of Lebesgue
spaces. More precisely we can set

N
X*=1L(Q), 1<gq< oo, a:—2—€I::[—N/2,0).
q

On this scale we have (Z3) (which is dense but not compact) and Sy(t) satisfies (3.4)
but not the property in part i) of this Remark.

Observe that from these assumptions we get

Lemma 3.2 Assume (Z3) and (54) are satisfied. Then
i) For every a, 3 € I and o > [ and for all T > 0,

MO(ﬁ) a, T)

IS@)llsa < =505 forall 0<t<T (3.5)

for some constant My(3,c,T) > 0.
ii) For each 3 € I there exists w(f) > 0 such that

1S(t) |5 < Mo(B, B)e@t,  for all t > 0.
ii1) Moreover, if for some fived By € I, we have
1S ()| go.50 < Me®t,  forall t>0 (3.6)

for some M = M(fy) and wy € IR, then for any o € I, there exists a constant M(«) > 1
such that

1S () |ae < M(a)e*t,  forall t> 0. (3.7)
Moreover, given ty > 0, define 6 = ||S(to)lg,.3,- Then we have (F4) with
1
o )
to

and some constant M depending on ty,d and My(Bo, Bo,to) as in (Z3). In particular if
0 <1 then wy < 0.
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i) In the situation of iii), for every o, 3 € I and o > 3 we have

My (B,a)t= @B if 0<t<1,
<
Is@lao <{ e 505
for some positive constant Mi(3, «).
In particular, for all € > 0 there exists M (3, ) > 0 such that
e(w0+€)t

||S(t)||ﬁ,a < Ma(ﬁ’a)W’ fO’f’ all t>0.

Proof.
i) Indeed, given T > 0 define n as the smallest integer such that 7" < n + 1. Then, for
0<t<T,define h = n%rl <1land s; =jh,j=0,...,n+1. Thus s,1; =t and, since

S(t) = S(Sps1— Sn) -+ S(s1— )

we get, form (B4),
1S(t)||g.a < Mo(er, )" Mo(B, @) (n + 1)*~Pt=@=H) forall 0<t<T.
Hence we can take
Mo(B, ., T) = Mo(c, )" Mo (8, o) (n + 1)*7.

ii) In particular, with o = (3, given ¢t > 0 define n € IN such that n <t <n + 1 and we
get as above,

HS(t)HIBﬁ S Mo(ﬂ’ﬂ)n+1 S MO(ﬂvﬂ)t+1 S MO(ﬂvﬂ)eln(MO(ﬁ“B))t, fOI' all ¢ >0

Note that as My(3, 3) > 1 then w(fB) := In(My(5,5)) > 0.
iii) First notice that from B4), for any a > fy, we have ||S(1)||g.a < Mo(5o, ). Now, if
t > 1, then

1S uolla < IS(D)]|go,0llSE = 1)uol|
< Mo(fBo, a) Me™ e ||ug ||,
<

Mo (8o, 00)[il] 0 M e € g
where |i]|o,5, denotes the norm of the inclusion X® < X% Thus,
1S () |ae < Ke*ot, forall t>1

with K = My(5o, @)||i]|a,5,Me™°.
On the other hand, if §y > a, we also have, from B4), ||S(1)||a, < Mo(a, () and
fort > 1,

15 ()| 121l go.0ll S (#) o]l 5o

0l go.ecll S (8 = 1)l 30,80 15 (1) o | g
Il 80,0 Me™ 0 |S (1) [la, g0 o]l
Il 30,0 Me™ Mo(ev, Fo)e”"[[uo]| -

VAN VAN VANVAN
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Thus,
1S(8) |ae < Ke*oF, forall ¢>1

with K = My(a, 5o)||%]| gy,a Me™ .
Therefore, for any « € I, we have the estimate

1S () ||ae < K (a)et, forall ¢> 1.

Hence, again from (B4 with 5 = «, we get (B1) with

M(a) = {max{K(a), My(a, )} ifwg >0
— lmax{K(«a), My(o,a)e ™0} if wy < 0.
If moreover for given t, > 0 we define 6 = [|S(t)||g,.5, then for t > 0 we write

t=nty+s, withn € IN and 0 < s < ty. Then

n In(é t;_s
1S () 150,50 < 1S (5) 0,50 < €% Mo(Bo, o, to)

with My(Bo, Bo, to) as in (BH) and the result follows. In particular if 6 < 1 then wy < 0.
iv) Now note that if 0 < ¢ < 1, the estimate reduces to (B4]). On the other hand, if ¢t > 1,
then, using (B4]) and part iii), we get

1Sl < 1S =DllaalS1)ls.a
< My(B, )M (a)e “0e*" = M (3, a)e“ .

and the rest follows easily. m
Remark 3.3 Observe that if the original constants My (0, o) in ([3-4), do not depend (or

can be taken independent of o, 3 € I), then the same is true for My(f,a,T) and M(«)
in ([374) depends on the scale only through the norm of the inclusions ||i||gya o7 ||7||a.g, -

Hereafter we will make use extensively the following spaces.

Definition 3.4
ForT >0,y €1 and e > 0 we define for functions in Li5.((0,T], X7), the quantity

[ulllye = sup [lu(®)]l,
te(0,T]

which becomes a norm on the set of functions where it is finite, that we denote L2°((0,7], X7).

Note that this set always contains L*>°([0, 7], X7) and coincides with it when ¢ = 0. Also,
the spaces are increasing with €. Then we have

Lemma 3.5 ForT >0,y €I ande > 0, £L2°((0,T], X") with norm |||ul||. is a Banach
space.
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Proof. Note that {u*}, is a Cauchy sequence in £2((0,T], X7) iff v*(t) = t=u*(t) is a
Cauchy sequence in L>([0,T], X7) and also u*(t) converges in X” to some u(t) for each
t > 0 and uniformly for 6 <t < T. The rest is easy. m

Also, part 1) in Lemma B2 can be stated as

Lemma 3.6 Assume the semigroup S(t) and the scale of spaces satisfy (33) and (34).
Then, for any o, 3 € I with o > [ and T > 0,

S(): X7 — L2 5((0,T],X%),  ug+— S()u
18 linear and continuous.

Remark 3.7 To motivate our approach below, observe that from the proof of Corollary
[ZA we have that for every ug € H9(Q), with B as in (ZI3), the function u(t;ug) =
Smme.e(t)uo satisfies, fort >0, uy + Agu = Szu in Hgf’q(Q), with S = P. + Qo + Ry as
in (Z4). Then, the variations of constants formula for the analytic semigroup So(t), see
6], gives

u(t; ug) = So(t)up + /Ot So(t — 7)Seu(T; ug) dr.

Now, in the general setting (B3)—(B4l), assume that for some fixed o > 3, with
0 < a—f <1 we have a linear perturbation satisfying

P e L(X* XP). (3.8)

Consider the abstract linear integral problem with wug to be chosen below
t
u(t; ug) = S(t)ug +/ S(t — 7)Pu(T;up) dr, t > 0. (3.9)
0

Definition 3.8 For a given function u defined on (0,T] and taking values in X, we
define

t
Flu, o) (t) = S(t)uo + / S(t — r)Pu(r)dr, 0<t<T (3.10)
0
assumed it is well defined.
Then we have the following Lemma

Lemma 3.9 Assume the semigroup S(t) and the scale of spaces satisfy (Z3) and (54)
and the perturbation P satisfies (Z8). Assume ¢ > 0, 6 > 0, v, € I, with and v > 7,
are such that

B<y <p+1 and 0<e<1 (3.11)

Then for v € L2°((0,T], X*) and up € X7, we have
i) For0 <t <T

t I
1t‘sll/o S(t = 7)Pu(r) drly < Mi(T)" 72| Pl e, o ul|ae
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where My(T) = ¢(B,v',e)Mo(8,7',T).
ii) For0<t<T

E1F (u, wo) (1)l < NS E)uolly + Mi(T)E 772 Pl ga oo [ ullae

with My(T) as above.
ii1) In particular, if
d=7"—v>0 and y<pf+1-—c¢, (3.12)

then
[|F (u, w6 < [11S(uollly6 + CONP cixo,xml|ull|ae

with C(T) = My(T)TP**=7=¢ and all terms above are finite. In particular,
(u,ug) 3 LZ((0,T], X*) x X7 — Flu,up) € L3_((0,T], X"
is linear and continuous.

Proof. We first prove part i), and then part ii) and iii) are immediate. Using ([BH) we
have for v/ > 3

1

t t
) _ , g _
Ol | 8 =) Pu(r) drlly < MO [ | Pllagllutn) o dr <

¢ 1
< M(T aapaté/—/da
< MOl Pllast® || o—ymmrs o

where we have set M(T) = My(5,~',T) as in (BH). Now the change of variables 7 = rt

gives the result with
1 1
My(T) = MDY [ e
() =MD [

provided 7/ — 8 < 1 and € < 1 as in the statement. =

dr)

Note that when we take 4/ > v in Lemma above, this result can be interpreted as
a smoothing effect of the variation of constants formula (BI0). The same applies to the
next result in which we analyze continuity in time.

Lemma 3.10 With the same notations and assumptions as in Lemma [Z3, for u €
L£2((0,T], X*) and ug € X7, if {(Z10) holds, that is

B<~y <pB+1, 0<e<l1

we have
f(u>u0) S C((O’T]aX’YI)

Further more F(u,uq) is locally Holder continuous with values in X7 .
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Proof. Fix 0 <t < T and take h > 0 small, so that t + h <T. Also take 0 < t* <t —h
to be chosen below. Then, from (BI0) we have

t*
Flu,uo)(t') = S(t)uo + [ S = 7)Pu(r) dr.
0
Then we get,

Fu,up)(t+h) = S(t+h —t")F(u,u)(t*) + /:rh S(t+ h —7)Pu(r)dr,

t
F(w, u0)(t) = S(t — ) F (w, o) (¢7) + [ S(t = 7)Pu(r) dr
t*
The, suppressing temporarily the dependence in ug, we get

Flu)(t+h) — Flu)(t) = (S(t+h—t7) = S(t — ) Flu)(t")+

t+h t
+ / S(t+h—7)Pu(r) dr + / (S(h) —1)S(t = 7)Pu(r)dr.  (3.13)
t t*
Now we estimate in norm in (BI3)) to get

IF @)t +h) = Fu)(@)lly < 1(SE+h—t7) = S(t = 7)) F(u)(t)||y+

t+h , t ,
+M(T)/ (t+h=7)"0 ‘ﬁ)HPHa,ﬁHU(T)HadT+M(T)/ (t=7) " Pllasllu(r) o dr
t t*

where, in the third term, we have used that ||S(h) — I,/ is bounded.

Now, since S(t) is an analytic semigroup, the first term is bounded by a constant times
h, while using that u is bounded in X on [t*, T, the second and third ones are bounded,
respectively, by

t+h . e
K (T, u) (/t (t+h—7)0 %) 1Plleeexn = K (T, u)]| P oen xmh' =0

K(,w) ([ = 7)) dr) [1Plage xo) = Ko (1)l Pl ot = )70
Now taking t* =t — 2h, we get the result. m
Now we finally analyze continuity at ¢t = 0.
Lemma 3.11 With the notations of Lemmal33, if
<y <pB+1—-¢g 0<e<l
then for u € £2((0,T], X*) and ug € X'
Flu,up)(t) = ug, in X7, as t— 0.
Moreover, if ug € X7, for some v </,

Flu,up)(t) = up, i X7, as t—0.
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Proof. By part i) in Lemma B, with 6 = 0, we have
t .
II/0 S(t = 7)Pu(r) drllo < Mi(T)t 75| P £ ixce x| ase

where M(T') = ¢(f8,7,e)Mo(3,~',T). Clearly the right hand side above goes to zero, as
t— 0.

On the other hand note that, by the choice of ug we have S(t)ug — up in X 7 or in
X7 since the spaces satisfy (B3)). m

To find solutions of the linear problem ([B), we start by the following “base” case.

Proposition 3.12 Solutions in X°.
Assume the semigroup S(t) and the scale of spaces satisfy (33) and ([34) and assume
also the perturbation satisfies (8). If

0<a-g<1, (3.14)

then for each ug € X* there exists a unique solution of (39), u(-;up) € LS. ((0,00), X%),
which is moreover in C([0,00), X%).
Furthermore, for each a <" < 3+ 1, we have that the solution satisfies

u(;u) € C((0,00), X7).
FEven more, the unique solutions of (3.9) define a linear semigroup in X% as
Sp(t)ug == u(t;ug), forall t>0 (3.15)

Proof. We show that there exists 7" > 0 such that F (-, ug) is a contraction in L>([0, T, X*).
For this take uy € X® and uy, us in L*([0,7], X*) and note that, the right hand side of
(BI0) is affine in w. Also from ([BI4) we can use part iii) of Lemma B9 with v = v = a,
d=¢e=0, to get F(u;,up) € L>([0,T], X*) and also

I[|F (w1, uo) — F(uz, uo)|||ao < C(T)|| Pl zixo,x5)| |1 — ua|]|a0

with C(T) = M, (T)T?*1~ and is a contraction for small enough T'.

Since T can be taken independent of ug € X, it is easy to obtain that the solutions are
defined for all £ > 0. The continuity in time comes from Lemma while the continuity
at t =0 in X® comes from Lemma BTIl with v/ = o and ¢ = 0.

Also, from (BI0) it follows that the operators defined in (B.IH) are linear. Finally, the
continuity of Sp(t) in X* will be proved in Proposition below. m

For weaker initial data we have the following result.

Theorem 3.13 Solutions in X7.
Assume the scale of spaces satisfy (Z3) and (FZ) and assume also the perturbation

satisfies (33). If (5I4) is satisfied, that is

0<a—-pg<1,
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then for each
a—1<vy<a, (3.16)
there exists T such that for each uy € X7 there exists a unique solution of (Z4) u €
LE((0,T),XY), with0<e=a—7vy<1.
Moreover the solution above is defined for all t > 0 and for each

By <B+1, v =7, (3.17)
we have that the solution satisfies
u(-;ug) € C((0,00), X7).
If, additionally ug € X7 then
u(-;u) € C([0,00), X7).
Even more, the unique solutions of (34) define a linear semigroup in X7 as
Sp(t)ug := u(t;ug), forall t>s. (3.18)

Proof. Now we show that F (-, ug) is a contraction in £2°((0, 7], X*) with 0 < e = a—v <
1. For this take ug € X7 and uy, ug in £2°((0, 77, X*) and note that the right hand side
of BI0) is affine in u. Also, from ([BI4) and BIH) we can use part iii) of Lemma
withy =aand 0 <e=6§=a—7y <1, to get F(u;,ug) € L2((0, 7], X*) and also

IF (s wo) = F(ua, wo)l[lae < CDNNPllixexollfun = uallae

with C(T) = M, (T)T?*1~ and is a contraction for small enough T'.

Since T can be taken independent of ug € X7, then it is easy to obtain that the
solutions are defined for all ¢t > 0.

The continuity in time comes from Lemma while the continuity at ¢t = 0 in X'
comes from Lemma BTT, with ¢ = a — 7.

Now observe that in particular we have that for t, > 0 the solution satisfies u(ty) € X
and v € L2 ([to,00), X¥). Hence after time t,, the solution coincides with the unique
solution of Proposition B.12.

In particular, from this, it is easily seen that the linear operators Sp(t) define a linear
semigroup.

As before, the continuity of Sp(t) in X will be proved in Proposition below. m

Remark 3.14 i) Note that the result in Proposition [E14 and in Theorem [Z13 holds,
even if

a—pF=1
provided the norm || P| z(xo xs) is sufficiently small.
ii) Note that the time T for which F is a contraction in Proposition[314 and in Theorem
[ZT3 can be taken the same for all perturbations such that

| Pl z(xex8) < Ro

for some Ry > 0.
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Now we prove the following estimates on the solutions of ([BX). In particular this
proves that the semigroup Sp(t) defined in (BIH) and ([BIF) is continuous.

Proposition 3.15 Assume (33), ([34), (38), and ([314). Then for every Ry > 0 and
every

PeL(X*X%) with ||P|zxexs < Ro
and for every v,~" € I such that

vE€E(@)=(a—-1al, YeRP)=[B+1), 1>, (3.19)
there exist constants w = w(v', Ro) > 0 and My = My(v,7', Ro) such that, fort >0,
1Sp(E)uolly < Moet=0 D fugll, o/ = . (3.20)

In particular Sp(t) € L(X7) and it is a semigroup of linear continuous operators in
X7,

Proof. First, by (B14) and (B19), see (B10), we can use part iii) in Lemma B9 for the
fixed point of F, with ' =, 0<e=0=a—v < 1, to get
(s uo)lllae < HSC)uolllae + CN P 2ixe,xml[ul; uo)llae

with C(T) = My (T)TP+1-,
Then, note that, by ([B3)) and the choice of ¢, ||[.S(-)uo|||a.e < Mo(7, a, T)||uol|, and by

[B3), take T such that C(T)||P||z(xe,xsy < & for all perturbations P as in the statement.
Thus,
[l uo)llae < 2Mo(y, @, T)|uoll- (3.21)

Now by (BI9), we can use part iii) in Lemma B3 for the fixed point of F, with 4" > =,
d=7"=—70<e=a—v<1,toget
[l wo)lllys < NS Cluollly s + CONPlexe xo)[Tul; wo)lllae-
again with C(T) = M, (T)TP+ -,
Then, note that, by (BH) and the choice of 6, [||S(-)uo||[y.s < Mo(v,7,T)|luoll, and
using (BZT1), we have
(5 uo)lllys < (Mo(7,7, T) + C(T) | Pll e x2Mo(y, @, T) ) ol

Hence, by the choice of T above,

w5 uo)lllys < Mo(v, 7', T)luoll-
with MO(’% 7/7 T) = MO(’% 7/7 T) + MO(’% a, T)
Note that this gives,

MO(fy? 7,7 T)
ISPl < —p—

Arguing as in i) in Lemma B2 we conclude ([B20).
In particular, since X?' C X7, from (B20) we get that Sp(t) € L£(X?) and is a
semigroup of linear continuous operators in X7. m

, forall 0<t<T. (3.22)
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Remark 3.16 Observe that if the original constants My(5, «) in [F4), do not depend, or
can be taken independent of v, B € I, then the same is true for My(v,v', Ro) and w(v', Ro)
in Proposition [T14, which become independent of the spaces of the scale.

In any case, once the perturbation P is fized, the estimate (324) for 0 <t <1 allows
to apply part i) in Lemma[ZA to obtain that there exists wy = wo(P) such that

1Sp(E)uolly < Mo(y)e“*|uoll

for all v € E(a) = (a — 1,a]. In turn, part w) in Lemma [Z2 implies that (Z20) holds
for some exponent independent of v, .

Remark 3.17 Strong solutions
i) Note that for ug € X the solution of {Z4) obtained in Proposition [Z14 satisfies

u(t; up) = Sp(t)ug = F(u, u)(t) = S(t)ug + /Ot S(t — 7)Pu(T;up) dr.

Then, by Lemma [Z10, u is locally Holder with values in X® and then h(1T) = Pu(T) is
locally Hélder with values in X7 for any v < 3. Since S(t) is analytic, then Lemma 3.2.1
in [0] implies that, fort >0, u(t;ug) is a C* strong solution of

uy + Au = Pu, in X7,

where —A is the infinitesimal generator of the semigroup S(t) in X7. In particular —(A—
P) is the infinitesimal generator of the semigroup Sp(t).

For ug € X7, for v € E(a), the solution of ([39) obtained in Theorem [T13 satisfies
u(ty) € X<, for any to > 0 and we can use the argument above for t >ty as well.

ii) Assume we can prove that the semigroup Sp(t) is analytic in X". Then, thanks to
Proposition [Z13, we can use the Transfer of Analiticity lemma, proved in [/

Lemma 3.18 Transfer of Analiticity
Assume {S(t)}1>0 is an analytic semigroup in a Banach space X. Assume that for
some Banach space Y and fort > 0,

S(t) € L(X,Y).

Then for each ug € X, the curve of the semigroup (0,00) 3 t — S(t)ug is analytic in
Y. Moreover for each ty, the Taylor series in'Y has a radius of convergence not smaller
than the one in X.

In particular if Y C X, with continuous injection, then {S(t)}+>0 defines an analytic
semigroup in Y M

to conclude that Sp(t) defines an analytic semigroup in X for v > ~.

24



Now we consider the case in which several perturbations are considered sequentially.
Assume
P P?c L(X* XP), with 0<a—-f<1

(
and consider the semigroup Spi(t) for ug € X7 with v € E(«a). Now we repeat the
construction starting out of Spi(t). Then we would have the new semigroup that we
denote Sip1 p2)(t) which is formally given by

t
S[P17P2} (H)ug = Sp1(t)ug + /0 Sp1(t — T)P2S[p17p2} (T)up dr. (3.23)
Now we state some properties of the resulting semigroups.
Lemma 3.19 i) If P = al, with a € IR, then
Sar(t) =e™S(t) in X7 for every vy € I.
i) If P € L(X* XP),0<a— <1, and a € IR then
Star,p)(t) = Sipan(t) = Spyar(t) = ¢ Sp(t) in X7 for every v € E(a).
i) If P, P? € L(X* XP), 0<a— <1, then
Sip1,p2(t) = Sip2,p1y(t) = Spippe(t)  in X7 for every v € E(a).
Proof.
i) Note that for P = al we can take a = 3 = 7 for any v € I. Now for ug € X" we have
that w(t;up) = Sar(t)ug is the unique fixed point of (BJ), that is
t
u(t; ug) = S(t)ug + a/ S(t — 1)u(T;up) dr.
0
On the other hand, setting v(t) = ¢*S(t)ug we have
t t
S(t)ug + a/ St —7)v(r)dr = (1 + / ae’” dT)S(t)uo = e"S(t)ug = v(t).
0 0
Hence, v(t) = u(t; ug).
ii) From i), applied to Sp(t), we have, for every uy € X7 with v € E(a), Sipan(t)uo =
e Sp(t)ug which, by [B), can be written as
t
e Sp(t)ug = ™S (t)uy + / St — )P (e Sp(T)ug ) dr-
0

On the other hand, by the expression for S,;(t) from i), we have that for every ug € X7
with v € E(a),

t
Star,p)(t)ug = e S(t)uo + / =M S (¢ — T)PSjar,p)(T)uo dr.
0
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The uniqueness of the fixed point problem gives
S[aI,P} (t)uo = eatSp(t)uo = S[pva]](tﬁl(].

iii) Note that from Remark BT, for every v € E(a) and ug € X7, u(t; ug) := Spiyp2(t)ug
satisfies, for t > 0,
uy + Au = (P + P?)u, in X7,

which can be written as
uy + (A — PYHu = P?u,

or as
uy + (A — PHu = Plu.

In the first case we get

u(tiuo) = Spr (1Yo + [ 'S (t = 7) Pu(r ug) dr
while in the second

u(t; ug) = Sp2(t)ug + /Ot Sp2(t — 7)Pu(T;u) dr.

The uniqueness of solutions of (BH) implies then that w(t;ug) = Sipr p2(t)uo, in the
first case and u(t; ug) = Sipz,p1)(t)u in the second. m

From the results above, we obtain in particular, with the notations in Section

Theorem 3.20 Assume that m lies in a bounded set in LP(S2), with p > N/2, mq lies
in a bounded set in L"(I") and also that the family of potentials V. is a L"—concentrated
bounded family, for r > N — 1, that is

1
g |‘/5|T§C, r>N—1.

Then, for any 1 < q < oo, the problem (L3) defines a strongly continuous, order
preserving, analytic semigroup, Spm.me.c(t) in the space HylY(Q) for any

1 1

1(q) = (—14+—,1— —
v e l(qg) = ( t ool oy

).

Moreover the semigroup satisfies the smoothing estimates

M., 6’“ 2
HSmmo,a(t)uOHng’»qm) < %HUOHHﬁ’q(Qy t>0, wup€ Hy"(Q) (3.24)

for every v,y € I(q), with y" > ~, for some M, ., and p € IR independent of m, my and
0<e<eyand -,y € 1(q).
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Finally, we have the variations of constants formula
t
Sm,mo,a(t)uo = U(t, uO) = SO(t)UO + / SO(t - T)SEU(T; uO) d7-> t> 07 (325)
0

where S is given in (Z9) and the semigroup Sy, m, (t) coincides with the one in Corollary
[Z4 and gives, for t > 0, weak solutions of (I3) as in [Z-1F).

In particular, if ¢ > N — 1, then there exists ' € I(q) such that H2 () c C#(%)
for some 3> 0 and the solutions of [L3) become CP(Q) smooth.

Proof. Note that from Section Bl we have (B) and [B2) so we can apply the results of
this section here.

Also, recall that from Lemma 1], since p > N and r > N — 1 we can take s + 0 < 2
in (Z3) and (Z8) and then, for any 1 < ¢ < oo, P:, Qo, Ry are well defined from H*(f2)
into H~9(Q2) provided s > 1/q, ¢ > 1/¢' and

2>s+a>max{%,1+¥}:: K. (3.26)
Hence S; := P.+ Qo+ Ry € L(H*(2), H=7%(2)) and using the embeddings discussed in
Section [, we get
Se:=P.+ Qo+ Ry € LIH)YQ), H,,”(2))
is continuous and uniformly bounded in norm, for 0 < ¢ < ¢g, for s, in that range.
Therefore we can apply Theorem and Proposition BT with o = § and 3 = =7 and
we get the above results for indexes
s o o
velg Ll 2173
Now note that as s, o range over the set defined by ([B.20), then the intervals for v and ~/
above fill the interval I(q).
Also, Proposition gives (B24)) and the fact that p is independent of ~,~" follows
from Lemma
Note that the variation of constants formula (B2H) is given by construction. Then, for
v such that —2%1, >y > -1+ é, from Remark B we have that the semigroup Sy, m, (%)
coincides with the one constructed in Corollary EZ6l. In particular it is order preserving.
Also, since the latter semigroup is analytic we can use Remark BI7 to conclude that

Sm.mo.c(t) is an analytic semigroup as in the statement. Also, we get that the semigroup
gives weak solutions of ([3)) as in (Z14). m

v El ), =

Remark 3.21 The order preserving property can also be obtained as a consequence of

Theorem below.

Then we have the following

Definition 3.22 If Vy € L"(I"), with r > N — 1, the semigroup Sy, me+vy(t) is defined as
in Theorem [Z20] with the choice V. = 0 and mq + Vy replacing my.

Note that for every uy € H. %(Q), with v € I(q), as in the Theorem, the function
u(t; uo) := Swmmo+vo (t)uo 1s, for £ > 0, a weak solution of (L)) in the sense of [ZTH).
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4 Convergence of linear semigroups

Our goal here is to prove, in particular, that the semigroup Sy, m,(t) in Theorem B20
converges, in a suitable sense, to the semigroup Sy, o+, (t) in Definition B2, provided

1
EX%VE — Vo, cc—L" forsomer >N —1.

This result will come out of a more general result on the dependence of perturbations.
With the setting of Section B, assume that we have two perturbations

PleL(XYXP), i=1,2 0<a-8<1
Our goal is then to compare semigroups Spi(t), i = 1,2. Hence assume
1P|l cixaxsy < Ry i=1,2
for some Ry > 0. Also, consider the existence and regularity intervals as in (B19)

YyEE()=(a—-1a], Y eRB)=[8+1), >~

Consider then two initial data u{ € X7, i = 1,2 and the corresponding solution of

¢
u'(t;ul) = Spi(t)upy = S(t)uf +/ S(t — )P (15 uf) dr, t>0
0

and denote
2(tup, ud) = ut(tud) — u?(t;ul).

Theorem 4.1 With the notations above, for any Ry > 0,

i) There exists a sufficiently small Ty such that for all perturbations P* such that || P*|| z(xa xsy <
RO;

112 b )l < L(To, Ro) (lud — 3l + 1P = P lecxes i), (41)

with 0 =" —~. In particular,
L(Ty, Ro)

IS91(6) = Spr (Ol < NP = Py, forall 0<t<Ty  (42)

ii) For every T > Ty

[o(t, w2l < Ma(T, Ty, o) (Ifu — wdlly + 1P = PPllgoxe oy ldlly). To <t < T
(4.3)
In particular,

1Sp1(t) — Sp2(t)||ly,y < L(T, Ty, Ro)||P" — P?||g(xa xoy,  forall To<t<T (4.4)
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Proof.

i) We first show the estimate for short times. Dropping momentarily the dependence in

1,2
Ug, Uy, We get

t t
2(t) = S(t)(ud — ud) + / S(t—r) (P = P?)u?(r)dr + / S(t—7)P'z(7) dr.
0 0
First note that by (B20) in Proposition B.IH we have, for e = a — and for any 7" > 0,
' llae < Mo(T, Ro)|lugll,- (4.5)
Then, arguing as in Lemma B, we get, with § =+ — ~,
1121lly5 < IS (ug=ug) [l 6+ C(DP =P i xo | [l +C (TP | cxa xo) ]2l ae
with C(T) = M, (T)TP+*9. Also note that the first term in the right hand side is bounded
by M(T)||ug — ugll;-
First, with v/ = a, d = a — v = ¢, we get
lzlllae < M(D)llug = uglly +C(DP = P2l £ixa,x8) |16 l|ae + CONP | e xo) 2] ase
with C(T) = M, (T)T**P~. Then for Ty small such that C(Tp) Ry < 1/2 we get
12llae < 2M(To)llug — uglly + 2C(To)IP" = P2l gixca x| [u?][a.e. (4.6)
Now with v/ and d =+' — v and € = a — y, we get
lzll5 < M(To)l[ug—1gll,+C(T) 1P =P || cixe x| 1|, eHC TP | cixe xoy ]2l lae
again with C(T}) = My (Tp)Ty .
Hence, using (EH) and (), we get (EET]) which is valid for all P* such that || P?|| £ xe xs)

Ry.
In particular, if ul = uZ = ug then

IN

112llly75 < L(To, Ro)IP* = P2l £, x) uoll
which leads to (E2).
ii) For Ty < t < T observe that
u'(t;ug) = Spi(t)ug = S(t — To)u' (To; ug) + | St — 7)P'u’(T;uy) dr.
To

Dropping momentarily the dependence in u}, u2, we get

2(t) = S(t — To)z(Ty) + Tt S(t —7)(P' = P*)u?(r) dr + Tt S(t—7)P'z(7) dr.
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and then

t .
12(t) |l < M(T)||2(To)|l + K(T)|| P! — P2||aﬁ/T (t —7) O NP (7)]|o dr+

t /
+K(T)!|P1!|a,ﬁ/ (t =) (7)o dr.

To

Now, by (), u? is bounded in X® on [Ty, T] and then the second term above is
bounded by

To

t /
KT ([ (¢ =70 dr ) [P = Pl sup (0]l
(To,T]
which, using (), is bounded by
(T, Ty)||P* = P2 zixe x5 ugll--

So we end up with
t .
[2(t) ]| < M(T)||Z(T0)||v’+K2||P1_P2||£(X&,Xﬁ)||u(2)||v+K2||P1||a,ﬁ/T (t=7)"" O |z(7) o dr
0

forall Ty <t <T.
Then using the singular Gronwall lemma, see Lemma 7.1.1, page 188, [6], we conclude

1)l < Ma(D) (1T + 1P = Pleecn i), Ty <t<T.

Using now the estimate for short times, (1)), we get ([E3). In particular, if uf = u2 =
uy then we get (ELZ)). m

Remark 4.2 Observe that if both semigroups Spi(t) and Sp:(t) decay exponentially, we
actually get

L(Ro)e_“’t

||Spl(t) — sz(t)H%,Y/ < v ||P1 — P2||£(XQ7XB)’ fO’f’ all 0<t<oo

for some w > 0.
In the general case, if we replace P' and P? by P* — X\ and P? — \I such that both
Spi_xi(t) and Sp2_;(t) decay exponentially we get

L(R0)€wt

o Pt — P2]|£(XQ7X5)’ forall 0<t<oo

i1 (t) = Spa(t) oy <
for some w € IR.

From the Theorem we get the following
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Corollary 4.3 Given P' € L(X?, X?), assume for some v € E(a) = (o — 1, a] we have
1Spr ()|, < Me***,  for all t>0

for some M = M () and wy € IR.
Then for any € > 0, if |P' — P?||z(xa x8) is sufficiently small we have for any ' €
E(a) = (a—1,q]
1Sp2(t) || < M'e T for all >0

for some M' depending on M, wy,'c.

In particular, Spi(t) decays exponentially, that is if wg < 0, then so does Sp2(t) if
| P! — P2||z(xa x5y is sufficiently small.

Finally Spi(t) and Sp2(t) satisfy the estimates [Z20) with w = wy + €.

Proof. First observe that from part iii) in Lemma we have that the exponential
bounds for Sp:(t) and Spz(t) are independent of «; see (B:6) and (B7). Therefore it is
enough to prove the result for the given v € E(a) = (v — 1, .

Now for € > 0 note that e~ 0T Sp1(t) = Spi_(,y10)1(t) decays exponentially in X7.
In particular there exists to such that 0 := ||Sp1_(u4e)1(to)[ly,y < 1. Then, from Theorem
BT, if || P' — P?|| £ (xe,xs) is sufficiently small we have 8" := || Sp2_(u1e)r(to)|lyy < 1. Then
the last part of part iii) in Lemma B2 implies that e~ “0+)!Sps(t) = Spa_ (0 40)1(t) decays
exponentially in X7 too and the result follows.

The estimates [B20) with w = wy + € follows from part iv) in Lemma B2 =

With this we can finally prove

Theorem 4.4 Assume

N
me —m in LP(Q), p> 5

mo. — mo in L'('), r>N—1,

1
EX%VE — Vo, cc—L" for somer >N —1

and for any 1 < q < oo, consider the semigroups Sp.my.e(t) and Spme+vy (t) obtained in
Theorem [Z20 and in Definition [Z24.

Then for every
1

1
v,y €el(q) =(-1+—1-——) 4 >7,

2 2
and T > 0 we have that there exists C(e) — 0 as € — 0, such that
C(e)

HSms,mo,s,&(t) - Sm,mo—i-Vo(t)||£(H§;Y)Q(Q),H§;Y’)q(g)) = forall 0<t<T.

In particular, if ¢ > N — 1, then there exists v' € 1(q) such that Hfgl’q(Q)) c CP(Q)

for some 5 >0 and the solutions of (L.3) converge to solutions of (I.4) uniformly in Q.
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Proof. Note that is was proved in Lemma 2.5 in [B] that
P.— P, in L(H(Q),H 7(Q))

where P. is defined in (23)) and F in (ZI]). In the setting here this translates into
Fe— By in L(H(Q), Hy™ ().

Then the rest follows from Theorem EL1l =

Remark 4.5 In particular we can obtain again that the semigroups Sy, me.e(t) and Sy, mo+vi ()
are order preserving. For this, note that taking C' smooth m., mg. and Vy, the results

in [ imply that the semigroups are order preserving. Then the convergence above shows
the same property for the limiting semigroups.

Remark 4.6 Note that after Theorems[ZZl and[f4 we can consider problems of the type
(I3) and ([T2A) only assuming C* regqularity on the diffusion coefficient a(z).

Finally, about the optimal exponential bound for the semigroups Sy, m,.(t) we have
the following

Proposition 4.7 Assume
me —m in LP(Q), p>g,
mo. — mo in L'('), r>N—1,
%X%VE — Vo, cc—L" for somer >N —1
and denote by \] the first eigenvalue of the following eigenvalue problem

—div(a(x)Ve©) + c(x)p® = me(x)¢” + 12, Vo(x)e® + Ap°  in Q

a(x)%i; +b(z)p® = mo(x)p° onT
Byt = 0 on 0N\ T
i) We have that
A — A0

which is the first eigenvalue of the limit eigenvalue problem

—div(a(x)Ve) +c(x)p = m(x)p+ A¢ in Q,

a(2)58 +b(x)p = (mo(z) +Vo(z))p onT,
By = 0 on OQ\T.

i) For sufficiently small e and for any —p < A the semigroups Sp. mq ..(t) and Sy, m+vo (1)
obtained in Theorem [ZZ0 and in Definition [3.23 satisfy that for any 1 < ¢ < oo and for

every
1 1

I(q) =(-1+—1——
v € 1(q) = ( ol T oy

)
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HSms,mo,s,e(t)uO||H§z’q(ﬂ) < MveutHuOHHgg’q(Q)a t>0, wue Hy Q)

and
2 k)
||Sm,mo+Vo(t)UOHHfqu(Q) < MveMtHuOHHfj’q(Q)a t>0, wup€ H, Q)

with M., independent of €. Consequently, there semigroups satisfy (Z13) and (3-Z4) for
such v and constants independent of .

Proof. Note that the eigenvalue problems above are the ones associated with the gener-
ators of the semigroups Sp,, mo..(t) and Sy, mg+14(t), which have only discrete spectrum.
Then part i) follows from Corollary 4.2 and Remark 4.3 in [5].

For part ii) note that the exponential bound of the semigroup using a lower bound
on the real part of the spectrum of the generator follows from Theorem 1.3.4 in [6]. This
combined with part i) and Lemma B2, gives the rest. Note that the result also follows
from Corollary 3. =

5 Final results and remarks

Note that from Theorems and B4 using standard techniques for semigroups, [6, [10,
3, 9], as well as the results in [2] it is easy to analyze the solutions of nonhomogeneous
problems like

uf —div(a(z)Vud) + c(z)us = 12, Vo(x)u + 1 X, fo(x,t) + g(z,t) inQ

1
a(2)2L + bz = j(x, 1) on T
Bus = 0 on 0Q\ T
u?(0) = wup in Q
(5.1)
assuming
1
EX%VE — Vo, cc—L" forsomer >N —1 (5.2)
and suitable conditions of the type
1
gstfs(',t) — fo(+,t), cc—L" for somer > N —1 (5.3)
for each t > 0. In such a case the limit problem reads
u — div(a(x)Vu) + c(z)u = g(z,t) in
a(:c)% +b(x)u = Vo(x)u+ j(x,t) + folx,t) onT (5.4)
Bu = 0 on 0N\ T’ '
u(0) = wg in Q.

Themain tool here would be the variations of constants formula. Details are left for the
reader.

33



On the other hand, note that given V and fy on I' we can define V. and f. extending
the functions V5 and fo(-, ) to w. in the direction of the normal. That is, if z € w. then
z can be written in a unique way as z = = — o7i(x), for some o € (0,¢). Therefore, we
define V.(z) = Vo(z) and f.(z,t) = fo(x,t). With this definition we may easily prove that
if Vo € LP(1), fo(-,t) € L"(T), then (B2), (E3) hold.

In particular, in case the domain is not smooth, it may be difficult to give a meaning
to the boundary condition in (24l), although (E]) has a natural and simple variational
formulation not involving surface integrals or traces. Hence the limit functions of (&)
can be taken as proper way of defining solutions of (£4)) in such a case.

Finally, it is not difficult to see that all previous results can be carried out with minor
changes to the case in which the region w, collapses to a regular orientable hyper—surface
I' C Q, not necessarily the boundary of the domain. In such a case, for the problem

uf — div(a(z)Vud) + c(z)u® = 1A, Vi(a)u® + 1A, fo(z,t) + g(z,t) inQ

a(z)Ze + b(z)u® = j(w,t) on 00g
ut = 0 on 02
u?(0) = g in Q

the limit problem reads

up — div(a(z)Vu) + c(x)u = Vo(z)oru + fo(x,t)or + g(x,t)  in Q

a(z) 2 +b(z)u = j(z,t) on Qg
u = 0 on 0€p
u(0) = wup in €,

where we denote by foor and Vyoru the functionals < fyor, p >= / fop and < Vou, p >=
r

/ Vougp. Here we also denote by 0€2g and 0€2p a partition of 02 where Robin and Dirichlet
r

type boundary condition are imposed, respectively.

Observe also that by taking test functions with support near points on I' it is easy
to see that the limit problem is in fact a transmission problem across I', where the jump
condition reads

[ulr =0, a(x)[%]p —W(x)u = fo(z,t), zel t>0.

See [B] for a further discussion in the case of elliptic problems.
Last but not least, observe that as mentioned in Section P the results in this paper

apply to the case when the diffusion coefficient is a positive definite matrix instead of a
scalar coefficient. First order coefficients can be handled as well.
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